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Relativistic gauge-invariant theory of determination of autoionization
resonances parameters for atomicsystems with accouting
for the plasma environment effects

We present the theoretical foundations of an advanced relativistic gauge-invariant theory
for computing main energy, spectral characteristics of complex auto ionization resonances
for atomic systems with simultaneous, quantitatively consistent consideration of the complex
relativistic, interelectron exchange-correlation and plasma environment effects (in particular,
the Debye plasma). The approach is based on the combination of a relativistic energy ap-
proach (S-matrix Gell-Mann and Low formalism), the relativistic gauge-invariant many-body
perturbation theory with optimized Dirac-Fock-Sturm and Debye-Hiickel approximations
with accounting for the plasma environment effects with possible generalization on the pres-
ence of an additionalexternal electromagnetic field. The fundamental advantage of pt pre-
sented theory is the selection of the optimized Dirac-Fock-Sturm zeroth approximation and
application of the consistent procedure for constructing a one-quasi particle representation
(basis’s of relativistic wave functions) incompliance with the principle of gauge invariance, in
particular, by minimizing a gauge-noninvariant contributions to the radioactive widths of the
atomic (ionic) levels due to the complex exchange-correlation effects.

Keywords: complex autoionization resonances, relativistic energy approach, relativistic
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Introduction. It is known that autoionization states (AS) play a fundamental
role in various elementary atomic processes such as autoionization, selective pho-
toionization, electron scattering on atoms, atom- and ion-atom collisions, etc. The
presence of AS in ions significantly affects the nature of the radiation spectrum of
high-temperature astrophysical and laboratory plasma. Their radiative decay is ac-
companied by the formation of complex spectra of dielectronic satellites to the reso-
nance lines of ions of the next ionization multiplicity, which contain information on
the state of the plasma used for its diagnostics, as well as in studying the physical
conditions in the solar corona and other astrophysical objects [1-16]. Knowledge of
the properties of AS is also very important for understanding the processes occurring,
for example, in laser plasma. Their decay can greatly affect the kinetics of population
of excited levels and the intensity of radiation of spectral lines. (e.g. [1-5]).

Although a fairly large group of methods for calculating characteristics of radia-
tion and collisional processes has been developed in modern theoretical spectroscopy,
including methods of pseudo- and model potential, density functional, various ver-
sions of relativistic and QED perturbation theory (PT), standard Hartree-Fock, Dirac-
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Fock (DF) and even mega-DF methods etc, hither to the application of most of them
faces serious both fundamental and technical problems (e.g. [1-4, 17-29]). The most
known short comings of most of the mentioned method sare a slow convergence of
PT series, violation of the principle of gauge invariance (appearance of gauge-
noninvariant contributions (GNIC) into atomic radiation widths), the use of non-
optimized bases of wave functions, an insufficiently complete and correct accounting
of exchange correlation effects, nonaccurate account of the plasma effects (e.g. [1-
4]).

Theaimoftheworkisthedevelopmentofthetheoreticalfoundationsofofan advanced
relativistic gauge-invariant theory for computing main energy, spectral characteristics
of complex autoionization resonances for atomic systems with simultaneous, quanti-
tatively consistent consideration of the complex relativistic, interelectron exchange-
correlation and plasma environment effects (in particular, the Debye plasma).

Relativistic many-body perturbation theory with the Dirac-Fock-Sturm and
Debye-Hiickel approximation. The most fundamental topic is connected with
choice of the corresponding approach to description of relativistic atomic system and
further the basis of relativistic wave functions. In our work we will develop the for-
malism of relativistic many-body PT with optimized Dirac-Fock-Sturm-Debye-
Hiickel approximation with accounting for the influence of the plasma environment
in the Debye plasma. The technique of constructing the formalism of many-particle
PT and the corresponding diagram matization (Feynman diagram technique) of the
PT series 1s well known. We use the ideology presented in details in Refs. [3, 21].
The electronic Hamiltonian for a N-electron ion in a plasma is given in atomic units
as follows [25]:

l-a,0,
H =Y [acp —pmc’ —ZeXp(—wi)/ri]+ZMeXp(—%), (1)
i >] Ty
where a and 3 (o;) - Dirac matrices, Z is the charge of the atomic nucleus. The pa-
rameter W in (4) is connected with the plasma parameters: temperature 7 and charge

density n as: w~+/e’n/k,T (as usually, € is the electron charge and x5 is the Boltz-

man constant). The density # is given as a sum of the electron density N, and the ion
density Ny of the k-th ion species having the nuclear charge gi: n=N, + Zq,fN L -
k

The fundamental point of our approach is the selection of the optimized Dirac-
Fock-Sturm (ODFS) potential as the PT zeroth approximation, and application of the
procedure for constructing a one-quasi particle representation in compliance with the
principle of gauge invariance, inparticular, by minimizing GNIC to the radioactive
widths of the atomic (ionic) levels. In order to reach that adequate description off
characteristics of the atomic elementary processes one requires using the optimized
basis’s of wave functions. An effective version [28] (e.g. [29, 30]) of “ab initio” op-
timization principle for construction of cited basis’s, based on relativistic energy ap-
proach [22, 25] has been used.

In the fourth order of QED PT or the second order of the relativistic PT with the
DFS approximations there appear diagrams, whose contribution into the Im 6E ac-
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counts for the polarization effects. This contribution describes collective effects and it
is dependent upon the electromagnetic potentials gauge (the GNICn AE,;,,). The lead-
ing term is as follows [22]:

ima, a1 4 =-C_[[[fandnanan T

1 + + + +
ﬁ)‘{’a (WY, ()Y ()Y, ()1 —aa,)/ 1y -

mn

)

{[(a, — (s, )(aynsy))/ 1y -sinfo, (7, +13) + @, -

cosla, (1, +r)]A+(zny ) an )Y, ()Y, (7)Y, ()Y ()

The minimization of the functional ImAE,;,, leads to the integral differential
equation of the DF type, that is numerically solved. In result one can get the optimal
one-electron basis of the PT. The effective Sturm algorithm is presented in Ref. [25,
26] and it i1s implemented into our theorrtical approach.

Relativistic energy approach to complex autoionization resonances. In order
to formulate an advanced approach, we start from the known consistent theoretical
approach to studying relativistic decaying system, namely, relativistic energy formal-
ism in a gauge invariant formulation [21-24] (e.g. [25 ,26] too). In relativistic case the
Gell-Mann and Low formula expressed an energy shift AE through the QED scatter-
ing matrix including the interaction with as the photon vacuum field as the laser field.
The first case is corresponding to definition of the traditional radiative and autoioni-
zation characteristics of multielectron atom.

Generally speaking, the majority of complex atomic systems possess a dense en-
ergy spectrum of interacting states with essentially relativistic properties. Further one
should realize a field procedure for calculating the energy shifts AE of degenerate
states, which is connected with the secular matrix M diagonalization [8-12]. The sec-
ular matrix elements are already complex in the second order of the PT. Their imagi-
nary parts are connected with a decay possibility.A total energy shift of the state is
presented in the standard form [12]

AE = ReAE +ilmAE ImAE =-1"/2 (3a)
where [ is interpreted as the level width, and the decay possibility P=17". The
whole calculation of the energies and decay probabilities of a non-degenerate excited
state 1s reduced to the calculation and diagonalization of the M. The jj-coupling
scheme is usually used. The complex secular matrix M is represented in the form [9,
10

] M=MP+MP+MP + M (3b)
where M is the contribution of the vacuum diagrams of all order of PT, and M N
M MY those of the one-, two- and three-QP diagrams respectively. M is a real
matrix, proportional to the unit matrix. It determines only the general level shift. We
have assumed #® =0. The diagonal matrix M" can be presented as a sum of the in-

(o
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dependent 1QP contributions.

The optimized 1-QP representation is the best one to determine the zeroth ap-
proximation. In the second order, there is important kind of diagrams: the ladder
ones. These contributions have been summarized by a modification of the central po-
tential, which must now include the screening (anti-screening) effect of each particle
by two others.

Let us remind that in the QED theory, the photon propagator D(12) plays the
role of this interaction. Naturally, an analytical form of D depends on the gauge, in
which the electrodynamic potentials are written. In general, the results of all approx-
imate calculations depended on the gauge. Naturally the correct result must be gauge
invariant. The gauge dependence of the amplitudes of the photoprocesses in the ap-
proximate calculations is a well known fact and is in details investigated by Grant,
Armstrong, Aymar-Luc-Koenig, Glushkov-Ivanov [1, 2, 5, 9]. Grant has investigated
the gauge connection with the limiting non-relativistic form of the transition operator
and has formulated the conditions for approximate functions of the states, in which
the amplitudes are gauge invariant (so called Grant’s theorem). In ref. [16] it has been
developed a new version of the approach to conserve gauge invariance. Here we ap-
plied it to get the gauge-invariant procedure for generating the relativistic DKS or-
bital bases (abbreviator of our method: GIRPT).

The most important characteristic of the AS (resonances) is, in addition to the
AS energy, also the AS width. It should be especially emphasized that in almost all
works on the AS theory, the standard Fermi rule is used to calculate the autoioniza-
tion widths, written in a form slightly different from similar expressions for determin-
ing the radiative width. Indeed, remembering the rarely used, but extremely accurate
definition of "autoionization resonance" as a "state in the continuum", it is easy to see
the way to modify Fermi's golden rule. Indeed, if the autoionization decay in the sin-
gle-particle approximation can be represented as follows: (B B.—Bs k), where Bi (i=
1, 2, 3) describes the set of quantum numbers of bound states, k is the state of a free
electron. In this case, the decay is possible only into a state of a continuous spectrum,
coinciding in parity and in the value of the total moment J with the original AS. Then,
obviously, the width of the level I', associated with autoionization decay, is deter-
mined by its connection with the states of the continuous spectrum:

F=2ﬂ|<i|V|f>|200|V((11(12,(X3k)|2, (4)
where (i| is the initial, |f) is the final state of the system,} is the operator of inte-
relectron interaction.This approach is standardly used in almost all modern theories
of the relativistic multielectron atom, based on methods such as HF, DF, multiconfig-
uration approximations of these methods, etc. Naturally, the basis for these methods
are the well-known, remarkable works of Fano.The shortcomings of the method of
calculating the widths of the AS using directly (2) and the corresponding bases of
wave functions are also obvious. In our opinion, a more adequate and fundamental
approach to calculating the characteristics of the AS should be an approach based on
the QED PT. It should be recalled that, of course, in QED PT the autoionization
width first manifests itself in the fourth order (the second order of atomic TB). It was
emphasized above that in the QED PT series there are known divergent terms,
caused, in our case, first of all, by two types of divergences. The first type is the
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standard QED ultraviolet divergence associated with integration over the frequencies
of virtual photons. For the autoionization width, the ultraviolet divergence first mani-
fests itself in terms of the sixth order of TB; however, in modern atomic spectroscopy
there are convenient procedures for eliminating such a divergence (see, for example,
[1]). The second type of divergence is associated with the vanishing of the energy de-
nominator upon integration over virtual stationary electron states. This type of diver-
gence is also known in the nonrelativistic theory. This divergence also manifests it-
self for the first time in the sixth order of TB. As in the previous case, theoretical
atomic physics has well-developed procedures for eliminating this type of diver-
gence, in particular, by summing the divergent terms in all orders of the PT. It is very
important to emphasize that the contribution of this sum decreases rapidly with in-
creasing nuclear charge.

The fourth-order correction of the PT to the energy of a state, a certain state, say,

nj'nj; [J ] , can be represented as follows:

V V.o
AE(4) S CJ BB kK, koky BB CJ PN . 5
kz% (BF.) E(njin}jy) - E(kk,)+i0 (BP.) )

Here, as usual, V is the matrix element of the interelectron interaction. The coeffi-

cients C’(8.4.) provide the correct angular symmetry, for certainty, say, of a two-
electron system. The sum S denotes the double sum and integral over the entire

Kk,
spectrum of one-electron Dirac functions. Naturally, here we mean both the spectrum
of bound states and the continuous spectrum, including the "negative" continuum.
The total width is given the expression:

2me
F(nl ]1 anzfz ,J) = % ZZCJ(B Bz)CJ(B B2)Z BB B BKB BB, (6)
0 51[3‘2 B]Bz
where the coefficients C can be determined as follows:
c’ (B.B,) = c’ (”1]1”1 Jl anzfznzfz )A(]1m1>J2m2>JM) (7)
G, joma M) = (=)t 2 T s o7 (8)

CJ(nlflnl Ji anz]z”z]z) N(n1 J1 9”2]2 )[8(’71 Ji nl]l)S(rlz]z”z]z) +
1+ Jj,+J+1 . . . .
+(_1)j ' 8(”1 ) nz]z)s(nzfznlfl)

—nij? = n3jy

N(niji;n3j;) = { 5 1 2 2 (10)
1197 # n3j;

The matrix element of the relativistic inter-particle interaction

V(rl.rj):exp(imgigj)-(l—(xioc)/lgj. (11)
(here a; —the Dirac matrices) in (3) is determined as follows:
VB.ByiBuBs = \/(2j1+1)(2j2+1)(2j3+1)(2j4+1)(_1)j1+j2+j3+j4+m1+m2 X

X Yap(— 1)M(m Jr::l ‘u)(élz ];1 ‘u)Qa(n111l1n21212:n4]4l4n3]3) (12)

€
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Q,=0"+0 (13)
Here 02" and Q" is corresponding to the Coulomb and Breit parts of the interpar-

ticle interaction (5). It is worth to remind that the real part of the interaction matrix
element can be expanded in terms of Bessel functions and the Coulomb part 02" can

be expressed in the radial integrals R), angular coefficients Sj The detailed description
of these quantities as well as the detailed algorithms of their computing are presented,
e.g. in ref. [21-25].

To conclude, we presented a new advanced relativistic gauge-invariant theory
for computing main energy, spectral characteristics of complex autoionization reso-
nances for atomic systems with simultaneous, quantitatively consistent consideration
of the complex relativistic, interelectron exchange-correlation and plasma environ-
ment effects (in particular, the Debye plasma). The approach is based on the combi-
nation of a relativistic energy approach (S-matrix Gell-Mann and Low formalism),
the relativistic gauge-invariant many-body perturbation theory with optimized Dirac-
Fock-Sturm and Debye-Hiickel approximations with accounting for the plasma envi-
ronment effects with possible generalization on the presence of an additional external
electromagnetic field (e.g. [31-33]). This topic as well as the application results can
be considered in the next work.
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I'nywkoe O.B., Ceunapenko A.A.

PeasTuBicTchbKa KaaiOpyBaIbHO-IHBAPIAHTHA TEOPid 004YHCICHHS
XapPaKTEePUCTUK ABTOIOHI3alliHHUX PE30HAHCIB VISl ATOMHUX CHCTEM
3 YpaxyBaHHSIM BILTHBY IJIA3MOBOI'0 CepeI0BHUIIA

Buknaodeni meopemuuni 0CHO8U YOOCKOHANEHOI penimugicmcvkoi  KaniopysanvbHo-
ineapianmnoi meopii 0 0OUUCTIEHHs eHep2eMUYHUX MA CHeKMPATbHUX XAPAKMePUCmuK
CKAAOHUX ABMOIOHI3AYIIHUX PE30OHAHCIE 01l AMOMHUX CUCMEM 3 OOHOYACHUM, KLIbKICHO 3-
200JMCEHUM — PO32NIAOOM — CKIAOHUX — PENAMUBICMCOKUX, — MIHCELeKMPOHHO-0OMIHHO-
KOpenayiuHux egpekmie ma eghekmis niazmoe020 cepedosuuyda (30Kkpemda, 0ebae6cLKox niasz-
mu). 11ioxio 6azyemuvcs Ha NOEOHAHHI PENAMUBICINCLKO20 eHepPeemUYH020 nioxody (ghopma-
aism S-mampuyi I'enn-Manna ma Jloy), penamugicmcokoi kaniopysanvro-ineapianmuoi oa-
2amo4acmuHcKo8oi meopii 30ypeHb 3 onmumizo8anumu Haoauxcenuamu /lipaxa-Doka-
UImypma ma [lebas-Xiokkens 3 ypaxy8aHHam 6NaU8 NIAZMOB020 Cepeo08UIa i 3 MONCTUBUM
V3A2aNbHEeHHAM HA HAABHICMb 000AMKOB020 308HIUHBO20 eNeKMPOMALHIMHO20 nous. Dyu-
0aMeHmanibHo nepesazor npedcmasieHol meopii € 6udIp onmMuUMIi308aH020 HYIbOBO2O HA-
onuncenns Jipaxa-@oxa-ILlImypma ma 3acmocysanus y32000ceHoi npoyedypu nobdyoosu
00HOKBA3IUACMUHKO8020 NpeOdCmasienHs (0a3ucy pensmusicmcbKux X6Unbosux (OYHKYiil)
8I0N0BIOHO 00 NPUHYUNY KANIOPYBAIbHOI IHBAPIAHMHOCMI, 30KpeMA , WIAXOM MIHIMI3ayii
KaniopyseanbHO-HeiHBapPIaHMHUX 6HECKI8 Y padiayitiHi WUpuHu amomMuux (iOHHUX) pieHis 3a
PAXYHOK CKIAOHUX OOMIHHO-KOPeAYitiHUX eghekmis.

KurouoBi ciioBa: kxomniexcHi agsmoioHizayiiii pe3oHancu, peisimusiCmcbKull eHepeemu-
HULl NiOXi0, persamugicmcovKa KaniopyeaibHo-IH8ApIanmua 6a2amodacmunKko8a meopis 30y-
PeHb, MIdICeIeKMPOHHI 0OMIHHO-KOpeAYIUHI ehekmu ma eexmu niasmoso2o cepedosuya
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