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New theoretical approach to dynamics of heat-mass-transfer, thermal
turbulence and air ventilation in atmosphere of an industrial city

We have developed a new theoretical approach to dynamics of heat-mass-transfer, ther-
mal turbulence and air ventilation in atmosphere of an industrial city, including an improved
theory of atmospheric circulation in combination with the hydrodynamic model (with correct
account of turbulence in atmosphere of the urban area) and theory of a complex geophysical
field is applied to the simulation of heat and air transfer in atmosphere of industrial region.
To determine a spectrum of thermal turbulence of an industrial city’s zone, the modified ap-
proximation of “shallow water” is used. In contrast to the standard difference methods of
their solution, we use the spectral expansion algorithm. For calculating air circulation in an
industrial city’s periphery we use theory of a plane complex geophysical field. Equating the
speed components determined in the shallow water model and plane complex geophysical
field model, one can find spectral matching between the wave numbers that define the func-
tional elements in the Fourier-Bessel series with source element of a plane field theory.
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Introduction. One of the most actual and important problems of the modern
physics of aerodispersed systems, atmospheric and climate systems is study of an
energy-, heat-, mass-transfer in natural continuous environments such as atmosphere
or other geospheres. The most of different simplified approaches that allow to esti-
mate the temporal and spatial structure of air ventilation in an atmosphere, signifi-
cantly use as the simple molecular diffusion models as system of regression equa-
tions [1-14]. Disadvantages of these approaches are well known and became very
critical if the atmosphere contains elements of convective instability. In our previous
papers [7, 15-18] we have developed an advanced approach to the simulation of heat
and air ventilation in atmosphere of an industrial region (so called local scale atmos-
pheric circulation complex-field (LACCF) approach). The approach includes an im-
proved theory of atmospheric circulation in combination with the hydrodynamic
forecast model (with quantitatively correct account of turbulence in the atmosphere at
local scales) and the Arakawa-Schubert model of cloud convection. Here we present
a new theoretical approach to dynamics of heat-mass-transfer, thermal turbulence (as
in a heat island zone as in a city’s periphery) and air ventilation in atmosphere of an
industrial city.

Spectrum of thermal turbulence of an industrial city’s zone. The modified
approximation of “shallow water” is used, but, in contrast to the standard difference
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Figure 1. Flowchart of air mass transfer between the city and its periphery

methods of solution, in further we will use the spectral expansion algorithm [7, 15].
The necessary solution, for example, for the v,-iv, component for the city’s heat is-
land has the form of expansion into series on the Bessel functions. As usually, we
attribute the movement to the polar coordinates (r, 0) in the area located within the
zone of action of the thermal “cap” (or “heat island”) of the city [7]. Flowchart of the
ventilation over the urban region territory by air flows in a presence of the cloud’s
convection is presented in Figure 1 and explains the key physical processes [16].
The system of equations of motion is as follows [7]:
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(where u, v, w — components of wind speed, ® — angular velocity of rotation of the
circulation ring around the city heat island; g is acceleration of gravity, ¢ is free sur-
face level of the shallow water equations (1)) with boundary conditions:
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where P — is the atmospheric pressure, H — height of the thermal head or free level.
Lateral boundary condition: | _,=0 corresponds to the absence of disturbances

at the boundary of the circulation ring. In a single-layer fluid approximation:
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Equation (2) can be rewritten as follows:
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Applying the operator [%+4®2j to equation (5), and excluding u and v, taking

into account advection, we obtain a nonlinear differential equation with respect to C:
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where 7 and 5 set the temperature and baroclinic modes. The solution of equa-

tion (6) 1s divided into the solution of a homogeneous differential equation:
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and further determination of a total solution in the form as a superposition of particu-
lar solutions of the equation (7). The natural definition of particular solution is as fol-

lows: {=C'(r)cos(mb—ot). Its substitution to Eq.(7) allows to obtain:
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or* r@r ( __J(; 0 ®)
where
2 2
x2=%. (9)

Equation (8) coincides with the Bessel equation and, as it is known, its own solu-
tions will also be the Bessel functions: Q’( r) =J (xr). The total solution can be

presented as follows:
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where A, , 1s “n” root of the function J,,(7). It is known that it is directly related to
frequency o,, if x In a particular solution 1s identified with A, , in a complete solu-
tion. The constants 4,,,, B, , are then determined either from the initial level for 1 =0
for the function ¢, which in this case is a solution of the homogeneous equation (7),
or according to the method of solving the inhomogeneous equation (6), but without
satisfying, in the general case, the initial condition [19]. The series (10) is simultane-
ously the Fourier-Bessel series for the function {(r, 8). Further, one can easily get:
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The initial function of the thermal relief of an industrial city and the fields asso-
ciated with it are determined by the following Fourier-Bessel series:

F(r,0)= ff(cm cosmbcosc,, t, + D,  sinmBsinc t.)Jm’n (Xm’nr), (12)
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It is interesting to note that further, for example, the diffusion of impurities in
atmosphere of industrial city inside the city’s heat island from some point sources is
read by the method of simple advection according to the values of the velocity pro-
jection calculated by formulas (11). One could also directly use the equation of mo-

lecular (wave) diffusion. The vertical rise of the impurity is calculated by the formula
(2b).

Application of the theory of a plane complex field for calculating air circu-
lation in an industrial city’s periphery. Within the new geophysical approach [16-
18], an air flux speed over a city’s periphery in a case of convective instability can be
found by method of plane complex field theory (in analogy with the Karman vortices
chain model) [6,19]:
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Here I'; —circulation on the vortex elements, created by clouds, b; — co-ordinates
of these elements, I" — circulation on the standard Karman chain vortices of, / — dis-
tance between standard vortices of the Karman chain, ¢ - co-ordinate of the convec-
tive perturbations line (or front divider) centre, (, - &/ — co-ordinate of beginning of
the convective perturbation line, Cy+k/ — co-ordinate of end of this line. The indicated
parameters are the input model ones and explained in details in Ref. [7].

Naturally, we further assume that possible convective disturbances on the pe-
riphery of an industrial city approach it in the form of convective ridges. The required
ridges of cloudiness can be set in the problem in the field of the velocity of vertical
currents and associated currents of involvement by formula (15). The model stability
of a front segment or a convective line in the general dynamics of the atmosphere can
be formulated by combining solution (11) with the formula of the theory of a plane
complex field (15):
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Here the coordinates 7,0 are located in the zone of action of the functional en-
semble of the front or the line of convective instability; the coordinates
a,,a La,a, ,a ,a,, "contouring" the said section of the frontal section include

m m—1

m—13°" m—13°""

the coordinates 7,0’ in the immediate vicinity. The consistency of the coefficients
A, ..B, , with the similarity coefficients ¢, ,c .,0, of the Laurent series in a cer-

m,n®" m,n m—12°*

tain neighborhood with nearby coordinate points a,_,a

m> " m-1°""*

.,a, determines the stabil-

ity at the time point of the physical process specified by the complex velocity poten-
tial in the process of thermal circulation at the boundary of the city’s thermal ring
with the general solution of the thermal circulation model given by series (2). The ar-
ea of solution of the problem (1) — (2) in this case belongs to the line of maximum
speeds in the zone of the thermal circulation ring of the city. The multipole coeffi-
cients ¢,,6, ,...,0, specify the total contribution of focal convection beyond the
lines of convective perturbations. Next, one could find the spectral agreement be-

tween the wave numbers that define the functional element in the Fourier-Bessel se-
ries with the element source of the theory of a plane field:
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In this case, the hnearlty of the circulation model is actually used. Further one
can write:
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Here M,N are the wave numbers of the two-dimensional harmonic:
ei(md’m"’m’)Jn(?em,nr/ ), which best approximates the functional field of the dipole in the

circle of convergence of the Taylor series. As a result, the spectrum in the Fourier-
Bessel series is consistent with the source with weight C,. Of course, here we are
talking about coordinate wise matching of the spectral mode with a source in a small
subdomain of the total solution. In other subareas, the desired solution may be incon-
sistent. Nevertheless, it is possible to achieve fairly good agreement across the formu-
la (17) with the coefficients ¢, ,c o, and spectral modes: 4, ,,B, ,. Thus, in

e laeees
fact, the problem is not solved at a specific point, but on average along the conver-
gence ring of the Laurent series. Coordinates r',8’ are recalculated when calculating
into a coordinate ¢ on a complex plane. An additional way to clarify the stability of
the front section or the line of convective disturbance in the field of action of the
thermal circulation of the city is based on the formula (theory of complex variable
functions):

ggf@dg ., ¢, . c,
2mi z—a (z—a) (z—a)"

f(z)=- (19)

Here, obviously, the Laurent series with convergence in the ring in the neigh-
borhood of the point (a)i1s already applied. Further, we can represent the vortex chain

formula in the form of successive vortex sources in the field of the complex velocity
potential o in the complex plane with the coordinate z :

acll’Z i {1 [(Z Zo) Z[]n( Zk) In ( k)]}‘l‘COI’lSl (20)

Here [ is the distance between the Vortlces in the Karman cham; z,z,,...,z, are

the complex coordinates of the centers of the vortices, the coordinates z , were in-
troduced by Karman, but can be eliminated in relation to atmospheric disturbances if
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the coordinate z, coincides with a certain center of intense convection of the

intramass manifestation: I' =(c — circulation along the contour of an individual el-
ement of the vortex chain, where Q is a projection of the vortex element onto the
normal to the surface of a certain section separating the zone of intramass convection
from the rest of the solution area; ¢ is the area ofthe normal section of the elemen-
tary vortex in the chain. Specific model applications of the presented approach will
be considered in subsequent works. It is interesting to remind that the processes in the
thermal "cap" or heat island zone can be defined by analogy with the known soliton
of fogging as a "locale", which has its own wave and turbulent (or chaotic) structure.
These structures are rigidly connected to each other. Namely, the energy spectra of
harmonics of the Fourier or Fourier-Bessel transforms can be understood both as a
wave spectrum and as a spectrum of turbulent vortices (c.g. [19-21]). This is also
clear from theories of energy estimates of the spectrum of turbulent pulsations [7].
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Xeueniyc O.10., I'nywikoeé O.B., Cmenanenxo C.M.,
Cogponkoe O.H., Ceunapenko A.A., Iznamenxo I'.B.

HoBuii TeopeTnaHMA MiAXiA 10 JUHAMIKH TEIJIO-MACO-TIEPEHOCY, TEeNJI0OBOI
TypOYJIEHTHOCTI I BeHTWISALII MOBITPSA B aTMOcdepi NPOMHCIOBOro MicTa

AHOTAIIA
3anpononosano Hosuii meopemuunuil nioxXio 00 ONUCY OUHAMIKU MENIOMACONEPEeHOCY,
menniosoi mypoyieHmHocmi i eHMuIsYii nosimps. 8 ammocghepi npoMUCIO8020 Micma, ujo
BKIIIOYAE BOOCKOHANEHY Meopito ammochepHoi yupKynayii 8 NOEOHAHHI 3 MOOeNL0 2i0poou-
HAMIYHO20 NPO2HO3Y (3 KIIbKICHO KOPEKMHUM YPAXY8AHHAM MypOYIeHmHOCmi 6 ammocghepi
MicbKOI mepumopii), meopiero ni0CKo20 KOMNIEKCHO20 2eoizuuno2o noas. /[is eusHavyenHs
cnekmpy mennogoi myp0OyienmHocmi 8 30Hi 3a0y008U NPOMUCTIOB020 MICMA GUKOPUCMOBY-
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embcs Moougixosane HabIUdNCeHHs «OpiOHOI 600uy. Ha 6i0miny 6i0 cmanOapmuux pizHuye-
8UX MemoOi8 iX eupiuieHHs, ¢ pobomi NPONOHYEMbCA BUKOPUCTNOBYBAMU MAK 36AHULL A120-
PUMM CREKMPATbHO20 PO3KIAOAHHS. JIsi pO3PAXYHKY YupKyiayii nogimps na nepugepii npo-
MUCTO0B8020 MICMA BUKOPUCTIOBYEMBCS MEOPIst NIOCKO20 KOMNIEKCHO20 2e0qi3uyH020 NOJIA.
IpupisHiotouu KomnoneHmu wWeUOKoCmi, neeui 6 mooeii OpibHOI 800U [ MOOeNi NIOCKO20
KOMNIEKCHO20 2e0QIi3utH020 NOJIs, MONCHA 3HAUMU CNeKMPAlbHULL 8I0N0BIOHICIb MIdHC XGU-
JIbOBUMU YUCTAMU, 5IKI 6USHAUAIOMb QYHKYIOHANbHI etemenmu 6 psdy Pyp'e-beccens, 3 6uxi-
OHUM elleMeHmMOoM meopii NI0CcK020 nos. Benuuunu cnekmpanvHux Moo, wo 8ionosioaroms
XUNILOBUM YUCTAM 6 PO3KIAOAHHAX 6 psou Dyp'e-Beccens memeoponociunux nouiis, dooam-
KOBO BUZHAUAIOMb 8a2Y HEI30MPONHOCMI 6 MYPOVIEHMHOMY pexcumi ammocgepu micma.
Mana neizomponnicms npu 6e1UKUX CNEKMPATbHUX MOOAX ICMOMHA K NOKANCUUK HASIGHOCMI
HeCcmayioHapHoCcmi 8 mypOoyieHmHOMY pexcumi 8 ianowaghmi micma.
Knwwuoei cnosa: mennomaconepenic, menniosa mypoyieHmuicms, ammocghepa micma.

Xeuenuyc O.10., I'nywkoe A.B., Cmenanenxo C.H.,
Cogponkoe A.H., Ceunapenxo A.A., Hecnamenko A.B.

HoBblil TeopeTHYecKil MOAXO0/ K JTMHAMHUKE TEIJIO-MACCO-TIepeHoca,
TeNJIOBOM TYpPOYJIEHTHOCTH U BEHTWISILIUM BO3AyXxa B atMocdepe
MPOMBIIIJIEHHOT'0 TOPoAa

AHOTALIMA

IIpeonoorcen nowlll meopemu4eckuti NOOX00 K ONUCAHUIO OUHAMUKU MENI0MAcconepe-
HOCA, Mennio8ol MmypoyIeHmHOCMU U BeHMUISAYUU 8030YXA 8 AMMOCHepe NPOMbIULIEHHO20
20p00a, GKIIOYAIOWULL YCOBEPUIEHCTNBOBAHHYIO MEOPUI0 AMMOCHEPHOU YUPKYISAYUL 8 CoHe-
MAHUU ¢ MOOENbIO 2UOPOOUHAMUYECKO20 NPOSHO3A (C KOIUYECBEHHO KOPPEKMHbIM V4emom
MypOYIeHMHOCIU 8 ammocghepe 20pOOCKOl MeppumopuiL), meopueil Ni0CK020 KOMNIEKCHO-
20 2eoghusuyeckozo nos. /s onpedeneHust cnekmpa menyiogo mypoyieHmHoCmu 6 30He 3d-
CMPOUKU NPOMBIULIEHHO20 20p00ad UCNONb3Yemcs MOOUPUYUPOBAHHOe NPUOIUdICEHUe «Mel-
Kol 600bl». B omauuue om cmanoapmuvlx pasHoCmHbIX Memoo08 ux peuienus, 6 pabome
npeonazaemcsi UCNOIb308amb MAK HA3BIEAEMbIU AICOPUMM CNEKMPANIbHO20 PA3I0NCEHUSL.
s pacuema yupkynisyuu 8030yxa Ha nepughepuu NPOMbIUIEHHO20 20p00d UCHONb3YemCsl
meopusi NJI0CKO20 KOMNIEKCHO20 2eopu3zuieckoeo nos. IIpupasnusas KoMnoHenmsi cKopo-
cmu, onpeoeieHHble 8 MOOeNU MENKOU 800bl U MOOENU NIOCKO20 KOMNIEKCHO20 2eoqhu3uye-
CK020 NOJISl, MOJNCHO HAUMU CNEKMPAIbHOE COOMBEMCMEUE MENCOY BOTHOBBIMU YUCIAMU, KO-
mopvle onpeodensiiom QYHKYUOHAIbHbIE demenmbl 6 pady Pypve-Beccens, ¢ UCX0OHbIM dJle-
MEHMOM Mmeopuu NJI0CK020 NoJis. Benuuunvt cnekmpanvuvix mo0, coomeemcmeyouux 60-
HOBbIM YUCIAM 8 PA3lodceHusix 8 psaovl Dypve-beccens memeopono2uueckux nojuei, 0onoJ-
HUMENbHO ONPeOesiton 6eC Heu30MpONHOCMU 8 MYPOYIEHMHOM peicume ammocgepuvl 2o-
pooa. Manasi neuzomponHocms npu OOILUWUX CREKMPATILHBIX MOOAX CYUjeCmEeHHAd KaK YKd-
3amenb HAIUYUs HeCMAYUOHAPHOCMU 8 MYPOYIeHMHOM pedcume 8 Janouagme 20pood.

Kntoueswle cnosa: meniomacconepenoc, meniogast mypoyieHmHocms, ammocgepa 2o-

pooa.
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