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Universal description of the biofilms growth dynamic in logistic model

We study experimental and theoretical dependences of growth dynamics of Pseudomonas
aeruginsa biofilms and dynamics of yeast biomass growth. It is revealed that the process of
growth of yeast biomass passes into the state of t,.. three times faster than the formation of
biofilm. Analysis of experimental data showed that the biofilm had been continuously growing
in the first three days. After the third day, the accumulation of biomass in the biofilm stopped
and for the next four days of biofilm observation it remained constant, which indicates com-
petitive mechanisms of interaction. As can be seen, the population is stable at the second
stage. Basic growth regimes of proximity with different dynamic characteristics are shown.

The universal description of the biofilms growth dynamic was obtained. Defined parameter
of the biological population growth generalized dynamics t* uniquely characterized by N* de-
termining parameter and control parameters o and . The parameter o is determined by the
ratio between the radius of individual activity of the population and the characteristic size of
the area. The parameter [ is determined by competitive interactions, properties of the envi-
ronment and by cell-to-cell communication. The universal model was proved for Pseudomo-
nas aeruginsa biofilm. The results of the experiments are consistent with the calculated data.

Introduction. Today, discovery of the biofilm formation process causes interest
in microbiologist, biophysics and physicians.

Bacterial biofilm is a complex self-organizing form of bacterial existence. Com-
plex three-dimensional organisation and "social behaviour" phenomena are the spe-
cific attributes of bacterial biofilms. Biofilm formation is response function on ex-
tracellular impacts of the external environment and in the other hand, on perturba-
tions, produced by microorganisms cells.

Theoretical investigation of nonequilibrium thermodynamic of bacterial biofilms
held within the framework of main theory of the biology population models [4-7]. At
the same time, methods of the theoretical analysis of the biofilms growth dynamics
experimental data represented slightly. Today, there is no theoretically substantiated
methods for the generalization of biofilms growth dynamics experimental data.

The aim of this work is development of a theoretically substantiated method of
experimental data generalization analysis in the framework of the biology popula-
tions general models.

Theory. Any biological population characterized first of all by activity radius
and areal size [4, 5]. In the case when activity radius is bigger than areal size, such
population can be characterized as well mixed and spatial effects can be ignored in its
description. In the opposite case, it is necessary to consider the spatial distribution of
the population.
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If, in the first approximation to assume that population has a uniform distribu-
tion on the areal, all individuals in population are similar, and population density N(t)
- continuously differentiable function, that local population dynamic, growth function
F(N) can be represented by the next models: linear growth functions (Malthusian type
models), quadratic growth functions (logistic model type), cubic growth function
(Alle models type) [5, 7].

In the future, for definiteness, we will consider a logistic type of local popula-
tion dynamic.

Populations with logistic model of growth is defined as follows [4, 6]:

dN N
F(N) o rN[l K)' 1)
In equation (1) parameter » — call Malthusian, and K — environment "capacity".

It is necessary to make some clarification. Usually, a typical form of the func-
tion F(t) are not known. Natural approach in conditions of incomplete information
about growth function is its representation in the form of a polynomial the minimum
necessary extent is an expansion in a Taylor series in the neighbourhood of the equi-
librium values of the density. The equation (1) is obtained by assuming the existence
of a series expansion with integral exponent. This assumption is valid for well mixed
populations.

In general, Pseudomonas aeruginosa growth law of logistic population written

in the form:
N o

It is clear, that when o = 1 we see a logistic law.
To further it is expedient to write a Pseudomonas aeruginosa growth law in the

next way:
1 dN NY
f(N)—WI—V[l—[EJ J (3)

AN) function describes the dependence of the relative growth rate, called the Malthu-
sian population function.
Connection with the Malthusian function and Malthusian parameter is deter-
mined by:
SNy =7 “)
In what follows, for the generalized analysis experimental data of density of
population growth N(f) appropriate to introduce a generalized Malthusian function.

¢<N>=%f(N)NQO. 5)

In biological populations dynamic models Malthusian parameter is defined as
= n — m, where n — "natural birth rate" and m — "natural death rate" [5, 6]. We intro-
duce by analogy with "birth-death" Malthusian parameter for bacterial biofilms as a
ratio between "lifetime" of bacterial cells in the biofilm and a "lifetime" of bacterial
cells in the planctonic culture.
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Precise, theoretically substantiated methods of Malthusian parameter calculation
for biofilm is not exist. Therefore, subsequently, in the analysis of experimental data,
Malthusian parameter of biofilm will count according to the definition (4).

To calculate the function N(¢) that characterized a biofilm growth dynamic, inte-

grating the equation (3) we obtain:
N

I A ©

I N( (N/K ) .
When a = 1, the equation (6) is solved analytically [3]. When a takes a frac-

tional value, analytical to solved (6) is impossible. So, cut and dried equation, that
describes biofilm growth dynamic is recorded like:
1 T dN
Lo N(1-(V/K)Y)

In equation (7) Ny and ¢, are arbitrarily small nonzero coordinates of a point on
the phase diagram, that describe biofilm growth dynamic, for which is determined a
Malthusian parameter r.

For comparative analysis of the biofilms growth dynamics, obtained under dif-
ferent conditions, spend a similarity transformation equations (3) and (7). We intro-
duce the following dimensionless variables:

« . N

f=—r N'=——. ®)
t

max max

(7

e and N, parameters are the coordinates of a point on the phase diagram, that
determining completion of the biofilm formation.
We will rewrite equations (3) and (7) in coordinates (8):

1 dN* N'N_ Y
NYy=—20 1| A 9
SN N dar maxr( [ X ]] ©)
and
A BEEA dN*
r=t+ j (10)

max

Pl 3o N* (1—(N N /K)“)'

Let us analyze the equations (9) and (10). On the basis of equilibrium thermody-
namics, we can show the feasibility of the following approximations: (Z,.7) and
(Nua/K) values of the order of unity. However, a rigorous proof of this approxima-
tion is beyond the scope of this paper. So, subsequently, we will evaluate a values of
(tnawr) and (N,,.,/K) by experimental data.

Can also be suggested, that in a first approximation, a certain contribution to the

integral in the right part of equation contribute a rnernber(N N, / K )u. t* value in-

crease with increasing of this member. So, in a first approximation, we can write the
condition of dynamic similarity of the biofilm formation process (formally, biological
population increasing process) in the next way:
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=S [(BN*)]. (11

In formula (11) S — similarity function; f — depends on the value of (¢,,r) and
(No/K) and determined experimentally.

Results and discussion. To check the adequacy of the conditions of similarity
(11) we examined two thermodynamic systems - biofilm growth dynamic (Fig. 1) and
yeast biomass growth dynamic (Fig. 2) [1].

It should be noted that yeast biomass growth process passes to state T, in three
times faster than a biofilm formation.

We begin analysis of experimental data with consideration of the biofilm growth
dynamic of Pseudomonas aeruginosa. Study of the dynamics of biofilm formation
during the week showed, that a biofilm was continuously growing at first three days.
After the third day biomass accumulation into the biofilm stopped and on the next
four days of observation biofilm mass were permanent [2].

The calculation of maltusian function f{N) for biofilm growth dynamic (Fig. 1)
were performed by numerical differentiation method (Stirling interpolation formula)
[3].

On Fig. 3 there is a dependence of g = 1 — @(N*) from N*. Fig. 3 shows that this
dependence does not meet the logistic law for which the graph of [1 — @(N*)] from
N* should be strictly straight line segment. On Fig. 3 there is a schedule of the In[1 —
o(N*)] from InN* dependence. This graph is a generalized logistic function which is
expressed by equations (3). On the basis of numerical analysis graphical representa-
tion of the equation (3) as a In[1 — @(N*)] from InN* we took the equations:

O(N*)=1—1.68(N*)'** | 0 <N*<0.3; (12)
O(N*) =1 —0.96(N*)*" 0.4 <N*<1.0. (13)
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Fig. 3. Dependence of g = 1 — ¢(N*) Fig. 4. Dependence of In[1 — @(N*)]
from N*. 1 — (N*) =y from InN*. In[1 — (N*)] = Iny

Equations (12) and (13) allow us to calculate the generalized Malthusian func-
tion of the biofilm with a minimum relative deviation + ¢ = 7.8 %.

Analysis, spent in the same sequence for yeast biomass growth dynamic, show
the same deviations from the logistic law. However, in this case, the In[1 — @(N*)]
from InNV* dependence is a straight line segment over the entire range 0 < N* < 1, and
is written as follows:

O(N*) =1 — 1.1(\N*)*" (14)

Equation (14) allows us to calculate generalized Malthusian function of the
yeasts dynamics growth with a maximum deviation + ¢ = 7.3 %. Now, spend the cal-
culation time required to reach an arbitrary state N* for a biofilm formation process
and yeasts growth with equation (7).

For a biofilm growth dynamic equation (7) written as follows:

N* *
1=0.5]1- L for 0 < N*<0.3 (15)
ohs N*(l—(1.39N*) ' )
N* 5
t=1,,+05 N for 0.4 < N* < 1.0 (16)

oo N* (1 ~(0.04N° )°'73)

For yeasts biomass growth dynamic:

N* dN*
1=6+333
" OLN*(1—(1.13N*)°'”)

The integration is carried out numerically by Newton-Cotes quadrature formulas
[3]. The maximum relative deviation in the calculation according to the equations
(15), (16), (17) £ 6 =9.8 %.

Now, consider the similarity of the dynamic behaviour of the P. aeruginosa
biofilm and yeasts biomass defined by the formula (11). There is a dependence graph

for 0.03 <N*<1.0 (15)
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of ¢* from Z = (BN*)* on the Fig. 5, where o and B are determined as a parameters of
the equations (15), (16), (17). From Fig. 5 it is clear that similarity conditions defined
by the formula (11) performed well enough. However, dependence In #* from InZ
(Fig. 6) has a singular point, as shown by further analysis. There is a dependence of
In #* from In Z on Fig. 6, where Z = 0,55 is a breakpoint. Thus, the formula of simi-
larity (11) must be written as follows:
*=0.362"°, 0<7<0.55; (18)
*=0.622"°,055<2<12 (19)
Formulas (18) and (19) allow to calculate the universal characteristic of the bio-
populations growth dynamics with maximum relative deviation + ¢ = 9.7 %.

Conclusions:

In this paper we have developed a universal description of the biofilms growth
logistic dynamic. The dynamics of growth takes place in two stages. On a second
stage population is stable a>1. It was shown the essential closeness growth regimes
with different dynamic characteristics.
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Jicoy Xyioi, /lpacan I'. C., Kymapoe B.B., I'anxin M.b. ®ininosa T.0.
YHuBepcajJbHMi onuc JMHAMIKH pocTy OionuliBKHU B JoricTuuHiil MmoaeJi

AHOTANLIA

Buguaromscsi excnepumenmanvhi ma meopemudHi 3aieicHoCmi OUHAMIKU pocmy bionii-
60k Pseudomonas aeruginsa i ounamiku pocmy biomacu Opixcoxcis. Busasneno, wo npoyec
3pocmanHs biomacu OpixcOHCie nepexooums 6 CIMan tmax 6 mpu pasu weuoute, Hixc ymeo-
peHHsi bionnieku. AHani3 eKCnepUMEeHMAIbHUX OAHUX NOKA3as, wjo Oioniieka Oes3nepepeHo
3pocmae 6 nepwuii mpu OHi. Ilicna mpemvoeo OHA HAKONuYeHHs biomacu 8 OIONIieKU NPUNUHU-
JI0CsL [ NPOMsI20M HACMYNHUX 4OMUPLOX OHI8 CROCMEPediCeH s Dionaieku 6y10 NOCMIHUM,
Wo 6KA3YE HA KOHKYPEHMHI MexaHismu 83aemooii. Ak 6uoHo, Ha Opyeomy emani HAceneHHs
cmabinero. Tlokazarni 0CHOBHI pedxcumu 3p0Cmantsi 6AULKOCMI 3 PI3HUMU OUHAMIMHUMU XA~
PaKmepucmuxamu.

Ompumano ynieepcanvhuii onuc OuHamixu pocmy 6ionnisku. Busnauenuii napamemp y3a-
2anbHeHol OUHAMIKU pocmy 6iono2iunoi nonyasayii t * 00HO3HAUHO XapaKmepusyEmvCs 6U3HA-
uanvhum napamempom N * i napamempamu ynpagninus o i . llapamemp o 6usnavacmucs gi-
OHOWLEHHAM MIXHC padiycoM iHOUBIOYanbHOI AKMUBHOCIT NONYAAYIL | XApaAKmepHUM po3mipom
naowi. Ilapamemp P 6usHaUacmMbCsa KOHKYPEHMHUMY 83AEMOOISMU, BIACIMUBOCAMU Cepedo-
suwa i 36'a3xom migc ocepeokamu. YHieepcanvha moodenv 0yaa dosedena Ons OGionnieku
Pseudomonas aeruginsa. Pe3ynomamu excnepumenmis y32000Cyiombcsi 3 004ucIenumy oa-
HUMU.

[coy Xyrou, /Ipazan I'. C., Kymapoe B.B., I'arkun H.b. @ununoea T.0.
YHuBepcanbHOe onicaHue TUMHAMMKH POCTa OUONJIEHKH
B JIOTHCTHYECKOH MOIe]IN

AHHOTALUA

Hsyuaromes sxcnepumenmanvhvle U Meopemuyeckue 3aeUCUMOCIU OUHAMUKU POCMA
buonnenox Pseudomonas aeruginsa u ounamuxu pocma 6uomaccel opooicicell. Boisenero,
umo npoyecc pocma GUOMACCyL OPONHCIHCell Nepexooum 6 COCMosHUe tmax 6 mpu pasa ovicm-
pee, yem obpazosanue OuonieHKu. AHanu3 sKCNepUMEeHMAIbHbIX OAHHLIX NOKA3A, YMo 6uo-
NIeHKa HenpepuleHo pacmem 8 nepevie mpu Ous. Ilocne mpemve2o Ons nakonienue duomac-
Cbl 8 OUONIEHKE NPEeKPAMUIOCh U 6 medeHue Cledyiowux yemoipex OHell HAON00eHUs Ouo-
NAEHKU ObLIO NOCMOSHHBIM, YMO YKA3bl6Aem HA KOHKYPEHMHble MeXAHU3Mbl 63aAUMOOeUCH-
eus. Ha emopom smane nacenenue cmabunvho. Ilokazamvl 0CHOGHbIE pedcuMbl pocma O1u30-
cmu ¢ pasnudHLIMU OUHAMUYECKUMU XAPAKMEPUCTUKAMU.

Tonyueno ynusepcanvnoe onucanue ouHamuxu pocma ouonienxu. Onpedenennulii napa-
Memp 0000WeHHOU OUHAMUKU POCma OUOI02UHeCKOU NOnyaAyuu t* 00HO3HAUHO Xapaxkmepu-
3yemcsi onpedensiiowum napamempom N* u napamempamu ynpasnenus o u B. Ilapamemp o
onpeoensiemcsi OMHOuleHUeM MedIcOy Paouycom UHOUBUOYANLHOU AKMUBHOCIU NONYIAYUU U
xapakmephwim pasmepom niowaou. Ilapamemp B onpedensiemcs KOHKYPEHMHbIMU 83AUMO-
OeticmeusMuY, CEOUCMBAMU CPEObl U CE53b10 MedCOy auelikamu. YHueepcanvhas mooens Oviia
Odokazamna Ons 6uonnenku Pseudomonas aeruginsa. Pesynvmambvl 9KCnepumenmos coenacy-
JOMCSL ¢ BLIYUCTEHHBIMU OAHHbIMU.



